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A graph G is called uniquely hamiltonian-connected from a vertex v of G if G contains 
exactly one v-u hamiltonian path for each vertex u, u ~ v. It is shown that if G is uniquely 
hamiltonian-connected from a vertex v and G has order n/> 5, then G has exactly ½(3n- 3) 
edges, G - v has exactly one hamiltonian cycle, every neighbour of v has degree 3 and every 
other vertex has degree at most 4. 
A graph G is called hamiltonian-connected (HC)from a vertex v of G if G 
contains at least one v-u  hamiltonian path for each vertex u, u ~ v [1]. A graph 
G is called uniquely hamiltonian-connected (UHC)from a vertex v of G if G 
contains exactly one v-u  hamiltonian path for each vertex u, u =~v. These latter 
graphs were introduced and investigated in [2]. Our object here is to answer (or 
partially answer) the four questions left unanswered in [2]. In doing this we also 
obtain information about the degrees of the vertices in graphs UHC from a 
vertex. All our results follow from a simple parity lemma and a counting 
argument. 
Notation. If u is a vertex of a graph G, then N(u) is the set of neighbours of u in 
G and N[u] = N(u) O (u}. 
Definition. Let G be a graph which is UHC from v. If u ~ V(G) -  {v} then 
denote by H, the unique v-u  hamiltonian path in G. Consider the hamiltonian 
path Hy :v - - -wx . . -y .  If yweE(G) ,  then the hamiltonian path 
Hx:v " "  wy . . .  x obtained from Hy by deleting wx and adding wy is a transform 
of Hy. We also call the operation taking us from Hy to Hx a transform and say that 
w effects the transform. Define the transform graph T(G, v) of G at v to be the 
graph with vertex set V(G) -  {v} in which xy is an edge if and only if Hx is a 
transform of Hy. 
Definition. Suppose G is UHC from v and y e V(G) - {v}. 
(i) The vertex adjacent o y in Hy is the penultimate vertex of Hy. 
(ii) A vertex of G which is adjacent o y but is not the penultimate vertex of Hy 
is said to be effective in Hy. 
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Notation. Suppose G is UHC from v and let u be any vertex of G. Denote by 
s(u) (respectively, t(u)) the number of hamiltonian paths in G starting at v in 
which u is penultimate (respectively, effective). 
Lemma 1. Let G be a graph with at least five vertices which is UHC from v and let 
u be any vertex of G. Then t(u) is even. 
Proof. It follows from the definition of t(u) that u effects exactly t(u) transforms. 
However, if u effects the transform from Hx to Hy, then u also effects the 
transform from Hy to Hx. Therefore u effects an even number of transforms and 
so t(u) is even. [] 
Lemma 2. Let G be a graph with at least five vertices which is UHC from v. Then 
(i) s(v) = 0 and t(v) = deg(v); 
(ii) if u • N(v),  s(u) + t(u) = deg(u) - 1, and 
(iii) if u • V(G)  - N[v], s(u) + t(u) = deg(u). 
Proof. Suppose u • V(G).  In any hamiltonian path in G from v to a vertex of 
N(u), u is either penultimate or effective. Therefore s(u)+t(u)  equals the 
number of hamiltonian paths in G from v to vertices of N(u) and so, since G is 
UHC from v, 
deg(u) - 1, if u • N(v) 
s (u )+t (u)=tdeg(u) ,  i fu•V(G) -N(v ) .  (1) 
This proves (ii) and (iii). Since G has at least five vertices, s(v) = 0 and so, by (1), 
t(v) = deg(v). [] 
Notation. Let G be UHC from v. For i/> 2, let n i denote the number of vertices 
of V(G)  - {v} which have degree i in G. 
Lemma 3. I f  G is a graph of order n >- 5 which is UHC from v, then 
2n2 + n3 - -  deg(v) ~< n - 1. (2) 
Proof. Suppose u e V(G)  - N[v]. If deg(u) = 2 and N(u) = {x, y}, then u is the 
penultimate vertex of both Hx and Hy. If deg(u)= 3, then, by Lemma 1 and 
Lemma 2 (iii), s(u) is odd and so u is the penultimate vertex of at least one 
hamiltonian path starting at v. Since no neighbour of v has degree 2 and it is 
possible that every neighbour of v has degree 3, G contains at least 2n2 + (n3  - 
deg(v)) hamiltonian paths starting at v. But, because G is UHC from v, there are 
exactly n -1  hamiltonian paths starting at v. Inequality (2) follows 
immediately. [] 
The size of  graphs uniquely hamiltonian-connected from a vertex 59 
Theorem 4. I f  G is a graph of order n >t 5 which is UHC from v, then G has 
exactly ½(3n- 3) edges. 
Proof. It is already known [2; Theorem 4] that G has at most ½(3n- 3) edges. 
Therefore 
deg(v) + ~ ini = 2 IE(G)I 3n - 3. (3) 
i~2 
Adding inequalities (2) and (3), we have 
4n2 + 4n3 + 4n4 + 5n5 + 6n6 + • • • ~< 4n  - 4. 
But then 
4n - 4 = 4 '~'~ ni 
i~2 
~< 4n2 + 4n3 + an 4 -1- 5n  5 -t-- 6n6 + • • • (4) 
~<4n -- 4. 
Equality must hold throughout (4) and so equality must hold in both (2) and (3). 
Since equality holds in (3), the result follows. [] 
One might reasonably have expected that among all graphs of order n which 
are HC from a vertex v, those with fewest edges would be graphs with fewest 
hamiltonian paths from v, that is, graphs which are uniquely hamiltonian- 
connected from v. However, the preceding result and the construction given in 
Section 4 of [2] show that this is not the case. 
A number of other properties of graphs UHC from a vertex can be deduced 
since equality must hold in each inequality used in proving Theorem 4. These are 
incorporated in the next result: 
Corollary 5. Let G be a graph of order n >1 5 which is UHC from v. 
(i) If u ~ N(v), then deg(u) = 3, s(u) =0 and t(u) = 2. 
(ii) If u eV(G) -N[v ] ,  then 2<~deg(u)~<4, s (u)=4-deg(u)  and t(u)= 
2 deg(u) - 4. 
(iii) T(G, v) has exactly ½deg(v) components. 
(iv) G-v has exactly one hamiltonian cycle. 
(v) G does not contain K4 as a subgraph. 
(vi) If G is UHC from another vertex v' df v, then deg(v) = deg(v') = 2 or 4. 
Proof. (i) and (ii). Since equality holds in (4) we have 
n5 + 2n6+ 3n7 + • • • = 0. 
Therefore ni = 0 for each i I> 5. Since equality holds in (2), the other statements 
follow from Lemma 2 and by inspecting the proof of Lemma 3. 
(iii) This follows from Lemma 1 of [2] and Theorem 4 above. 
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(iv) Let u be any neighbour of v. By (i), deg(u) = 3 and s(u) = O. 
So if x and y are the other neighbours of u then Hx has the form Hx: vuy • •. x. 
We obtain a hamiltonian cycle of G - v from Hx by deleting vertex v and adding 
edge ux. Therefore G-  v is hamiltonian. Since deg(u)= 3, every hamiltonian 
cycle of G-v  contains the edge ux. If G -v  has more than one hamiltonian 
cycle then G contains more than one v-x  hamiltonian path, which is a 
contradiction. Therefore G -v  has exactly one hamiltonian cycle. 
(v) That/(4 is not a subgraph of G - v follows from (i), (ii) and Theorem 7 of 
[2]. It follows easily from (i) that v cannot lie on a K4. 
(vi) This follows from Theorem l(a) and Corollary 1 of [2] and from (i) and 
(ii). [] 
It is shown in [3] that if G is UHC from v then v does not lie on a 4-cycle and 
neither K1 + P4 nor  K2, 3 is a subgraph of G. It is not known whether K4-e  or 
K1 + 2K2 can be subgraphs of G - v. 
In closing we remark that combining Lemma 1 with Lemma 2 (ii, iii) gives a 
special case of the following more general result: 
Theorem 6. Let G be a graph and P: vl . . . Vm (m >i 1) a path in G. If  u ~ V(G),  
then 
I~(P, x)l =- se(u) (mod 2), 
xeN(u) 
where ~(P,  x) denotes the set of hamiltonian paths in G from v~ to x which begin 
with P, and se(u) denotes the number of hamiltonian paths from Va which begin 
with P and have u as the penultimate vertex. 
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